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Abstract
Given a graph H and an integer k ≥ 1, the Gallai-Ramsey number GRk(H) is
defined to be the minimum integer n such that every k-edge coloring ofKn contains
either a rainbow (all different colored) triangle or a monochromatic copy of H . In
this paper, we study Gallai-Ramsey numbers for graphs with chromatic number
three such as K̂m form ≥ 2, where K̂m is a kipas with m+1 vertices obtained from
the join of K1 and Pm, and a class of graphs with five vertices, denoted by H . We
first study the general lower bound of such graphs and propose a conjecture for the
exact value of GRk(K̂m). Then we give a unified proof to determine the Gallai-
Ramsey numbers for many graphs in H and obtain the exact value of GRk(K̂4)
for k ≥ 1. Our outcomes not only indicate that the conjecture on GRk(K̂m) is
true for m ≤ 4, but also imply several results on GRk(H) for some H ∈ H which
are proved individually in different papers.
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1 Introduction
In this paper, we only deal with finite, simple and undirected graphs. Given a graph G
and the vertex set V (G), let |G| denote the order of G and G[W ] denote the subgraph of
G induced by a set W ⊆ V (G). Given disjoint vertex sets X,Y ⊆ V (G), if each vertex
in X is adjacent to all vertices in Y and all the edges between X and Y are colored with
the same color, then we say that X is mc-adjacent to Y , that is, X is blue-adjacent
to Y if all the edges between X and Y are colored with blue. We use Pn, Cn and Kn
to denote the path, cycle and complete graph on n vertices, respectively; and Sn to
denote the star on n+ 1 vertices. A kipas K̂m is obtained by deleting one edge on the
rim of a wheel with m+ 1 vertices. For an integer k ≥ 1, we define [k] = {1, . . . , k}.
∗Corresponding Author. Supported by the Summer Graduate Research Assistantship Program of
Graduate School. E-mail address: qzhao1@olemiss.edu (Q. Zhao).
†Supported in part by the summer faculty research grant from CLA at the University of Mississippi.
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The complete graphs under edge coloring without rainbow triangle usually have
pretty interesting and somehow beautiful structures. In 1967, Gallai studied the struc-
ture under the guise of transitive orientations and obtained the following result [5]
which was restated in [7] in the terminology of graphs.
Theorem 1.1 ([5],[7]). For a complete graph G under any edge coloring without rain-
bow triangle, there exists a partition of vertices (called a Gallai-partition) with parts
V1, V2, . . . , Vℓ, ℓ ≥ 2, such that there are at most two colors on the edges between the
parts and only one color on the edges between each pair of parts.
We define G = G[{v1, . . . , vℓ}] = Kℓ as a reduced graph of G, where vi ∈ Vi for
i ∈ [ℓ]. Obviously, there exists a monochromatic copy of H in G if ℓ ≥ R2(H), which
leads to a monochromatic copy of H in G. In honor of Gallai’s result, the edge coloring
of a complete graph without rainbow triangle is called Gallai coloring. Given graphs
H1, . . . ,Hk and an integer k ≥ 1, the Ramsey number R(H1, . . . ,Hk) is defined to be
the minimum integer n such that every k-edge coloring of Kn contains a monochro-
matic copy of Hi in color i ∈ [k], and the Gallai-Ramsey number GR(H1, . . . ,Hk)
is defined to be the minimum integer n such that every Gallai k-coloring of Kn con-
tains a monochromatic copy of Hi in color i ∈ [k]. We simply write Rk(H1) and
GRk(H1) when H1 = · · · = Hk, and R((k − s)Hs+1, sH1) and GRk((k − s)Hs+1, sH1)
when H1 = · · · = Hs and Hs+1 = · · · = Hk. Clearly, GR2(F,H) = R(F,H) and
GRk(H) ≤ Rk(H) for k ≥ 1. However, determining GRk(H) for H is far from trivial,
even for a small graph. The general behavior of GRk(H) for H was established in [6].
Theorem 1.2 ([6]). Let H be a fixed graph with no isolated vertices. Then GRk(H) is
exponential in k if H is not bipartite, linear in k if H is bipartite but not a star, and
constant (does not depend on k) when H is a star.
In 2015, Fox, Grinshpun and Pach [3] posed a conjecture for GRk(Kt). The cases
t = 3, 4 were proved in [1],[6] and [10]. Recently, there is a breakthrough for the case
t = 5 in [11] while there is no any results for the cases t ≥ 6. For more information on
this topic, we refer the readers to [3, 4]. Let H denote a class of graphs of order five
with chromatic number three. It is known that H contains twelve graphs (see Fig. 1).
H1 H2 H3 H4 H5 H6
H7 H8 H9 H10 H11 H12
Fig. 1: The graphs with five vertices of chromatic number three.
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In this paper, we study Gallai-Ramsey numbers for some graphs in H and K̂m for
m ≥ 2. Recently, Gallai-Ramsey numbers for many graphs above have been determined
in [15] for H1 and H2, [9] for the graphs from H3 to H6, [16] for H7, [14],[17] for H8
and [12] for H9. However, the Gallai-Ramsey numbers for the remaining graphs H10,
H11 and H12 have not been determined so far. In this paper, we gain the exact values
of GRk(H) for H ∈ {H10,H11,H12}. Let F = {H1,H2,H3,H4,H5,H6,H10,H11}. We
first study the general lower bound of Gallai-Ramsey numbers for all graphs in F and
K̂m for m ≥ 2 in Section 2. Then we give a unified proof to determine the exact value
of GRk(H) for H ∈ F under the enlightenment from [14] in Section 3.
Theorem 1.3. For k ≥ 1, if H ∈ F \H10, then
GRk(H) =
{
(R2(H)− 1) · 5
(k−2)/2 + 1, if k is even,
4 · 5(k−1)/2 + 1, if k is odd
and if H = H10, then GR1(H) = 5, GR2(H) = 7 and
GRk(H) =
{
5k/2 + 1, if k ≥ 4 is even,
2 · 5(k−1)/2 + 1, if k ≥ 3 is odd.
Note that K3 ∼= K̂2, K4 \ {e} ∼= K̂3 and H12 ∼= K̂4. In this paper, we come up with
a new approach to construct the general lower bound of GRk(H) for some H, which
will provide a direction for us to study Gallai-Ramsey numbers of K̂m for m ≥ 2. The
exact values of GRk(K̂2) and GRk(K̂3) have been determined as follows:
Theorem 1.4 ([1],[6]). For k ≥ 1,
GRk(K̂2) =
{
5k/2 + 1 if k is even,
2 · 5(k−1)/2 + 1 if k is odd.
Theorem 1.5 ([16]). For k ≥ 1, GR1(K̂3) = 4 and
GRk(K̂3) =
{
9 · 5(k−2)/2 + 1, if k ≥ 2 is even,
18 · 5(k−3)/2 + 1, if k ≥ 3 is odd.
In Section 3, we prove the following result which implies the exact value of GRk(K̂4).
Theorem 1.6. Let k ≥ 1 and s be an integer with 0 ≤ s ≤ k. Then
GRk((k − s)P3, sK̂4) =

2 · 5s/2 + 1, if s is even and s < k,
2 · 5s/2, if s is even and s = k,
4 · 5(s−1)/2 + 1, if s is odd.
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One can obtain the Gallai-Ramsey number of K̂4 from Theorem 1.6 by setting
s = k. With the support of the general lower bound of GRk(K̂m) given in Section 2
and the exact values of GRk(K̂m) for 2 ≤ m ≤ 4, we propose a conjecture as follows:
Conjecture 1.7. For k ≥ 1 and m ≥ 2, GR1(K̂m) = m+ 1 and
GRk(K̂m) =

(R2(K̂m)− 1) · 5
(k−2)/2 + 1, if k is even and m is odd,
R2(K̂m) + (m/2) · (5
k/2 − 5), if k is even and m is even,
max{2(R2(K̂m)− 1), 5m} · 5
(k−3)/2 + 1, if k ≥ 3 is odd.
We shall make use of the following theorems in the proof of our main results.
Theorem 1.8 ([2]). GRk(P3) = 3 for k ≥ 1.
Theorem 1.9 ([8]). R2(H10) = 7, R2(H
′
) = 9 and R2(H
′′
) = 10, where H
′
∈
{H1,H2,H3,H4} and H
′′
∈ {H5,H6,H11,H12}.
Theorem 1.10 ([13]). R(P3, K̂4) = 5.
2 Construction of general lower bound
In this section, we first give the general lower bound of GRk(H) for H ∈ F or H = K̂m
with m ≥ 2 by construction. Clearly, |H| = 5. Suppose H = H10 and k ≥ 1. Let
g(1) = |H| − 1 = 4, g(2) = R2(H)− 1 = 6 as R2(H) = 7 by Theorem 1.9 and let
g(k) =
{
5k/2, if k ≥ 4 is even,
2 · 5(k−1)/2, if k ≥ 3 is odd.
SinceGR1(H10) = |H10|, GR2(H10) = R2(H10) andK3 is a subgraph ofH10, GRk(H10) ≥
g(k) + 1 for k ≥ 1. Suppose H ∈ F \H10 and k ≥ 1. Let
g(k) =
{
(R2(H)− 1) · 5
(k−2)/2, if k is even,
4 · 5(k−1)/2, if k is odd.
Suppose H = K̂m for m ≥ 2 and k ≥ 1. Let g(1) = |H| − 1 = 4 and
g(k) =

(R2(H)− 1) · 5
(k−2)/2, if k is even and m is odd,
R2(H) + (m/2) · (5
k/2 − 5)− 1, if k is even and m is even,
max{2(R2(H)− 1), 5(|H| − 1)} · 5
(k−3)/2, if k ≥ 3 is odd.
In this paper, we use (G, c) to denote a complete graph G under the Gallai coloring c.
For all k ≥ 1, we now construct the complete graph (Gk, ck) on g(k) vertices recursively
which contains no monochromatic copy of H ∈ K̂m∪F \H10, where ck : E(Gk) −→ [k] is
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a Gallai k-coloring. Let K5 be colored with colors k− 1 and k without monochromatic
triangle and (Gk−2, ck−2) be the construction on g(k−2) vertices with colors in [k−2].
Case 1. k is even and m is odd for all H ∈ K̂m ∪F \H10.
For k = 2, let G2 be 2-colored complete graph on g(2) = R2(H) − 1 vertices
containing no monochromatic copy of H under c2 : E(G2) −→ {1, 2}. For all even k ≥ 4,
let (Gk, ck) be the construction obtained by replacing each vertex of K5 with a copy
of (Gk−2, ck−2) such that the colors on all edges between the corresponding copies of
(Gk−2, ck−2) are consistent with K5.
Case 2. k is odd for all H ∈ K̂m ∪F \H10.
For k = 1, let G1 be 1-colored complete graph on g(1) = |H| − 1 vertices contain-
ing no monochromatic copy of H under c1 : E(G1) −→ {1}. For all odd k ≥ 3, let
(Gk−1, ck−1) be obtained from Case 1. Note that (Gk−1, ck−1) is also obtained by same
method as in Case 1 for even m. If 2(R2(H)− 1) ≥ 5(|H| − 1), then let (Gk, ck) be the
construction obtained by joining two copies of (Gk−1, ck−1) such that all edges between
two copies are colored with color k. If 2(R2(H)− 1) < 5(|H| − 1), then let (Gk, ck) be
the construction obtained from the copies of (Gk−2, ck−2) by the same method as in
Case 1 under K5.
Case 3. k is even and m is even for H = K̂m.
For k = 2, let G2 be 2-colored complete graph on g(2) = R2(K̂m) − 1 vertices
containing no monochromatic copy of K̂m under c2 : E(G2) −→ {1, 2}. For all even
k ≥ 4, let (Gk, ck) be the construction obtained from the copies of (Gk−2, ck−2) and
the following copies of G
′
k−1 and G
′′
k−1 by the same method as in Case 1 under K5. Let
Xi,Xj be any two corresponding copies such that the color on the edges between Xi
and Xj is color i ∈ {k − 1, k}. Since there can not be monochromatic copy of K̂m in
(Gk, ck), the following properties must hold.
• There is neither Sm/2 nor Pm in color i within either Xi or Xj .
• If Xi contains Sm/2−1 or Pm−1 in color i, then Xj has no edge in color i.
We first construct the Gallai (k − 1)-colored complete graph G
′
k−1 (res. G
′′
k−1) for
even k ≥ 4 with colors in [k − 1] (res. [k] \ {k − 1}) recursively which contains neither
monochromatic copy of K̂m in color i ∈ [k − 2] nor Sm/2 in color k − 1 (res. k). Let
G
′
(res. G
′′
) be a complete graph on m/2 vertices with the only color k − 1 (res. k).
Clearly, G
′
(res. G
′′
) contains no Sm/2 in color k − 1 (res. k). For all even k ≥ 4, let
G
′
k−3 (res. G
′′
k−3) be the construction with colors in [k−4]∪{k−1} (res. [k−4]∪{k})
such that G
′
1 = G
′
(res. G
′′
1 = G
′′
) if k = 4. Let K15 (a complete graph of order five)
be colored with colors k − 3 and k − 2 without no monochromatic triangle. Let G
′
k−1
(res. G
′′
k−1) be obtained from the copies of G
′
k−3 (res. G
′′
k−3) by the same method as
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in Case 1 under K15 . Since G
′
k−3 (res. G
′′
k−3) is a Gallai (k−3)-colored complete graph
which contains neither monochromatic copy of K̂m in color i ∈ [k−4] nor Sm/2 in color
k − 1 (res. k), G
′
k−1 (res. G
′′
k−1) is a desired construction on (m/2) · 5
(k−2)/2 vertices
without rainbow triangle.
By the properties above, there is at least one copy of (Gk−2, ck−2), at most two
copies of G
′
k−1 and at most two copies of G
′′
k−1 embedding in K5. For all even k ≥ 4,
(Gk, ck) (see Fig. 2. color k is on the edges of outer five cycle and color k − 1 is on
the edges of inner five cycle) can be obtained by a new way as follows: replacing one
vertex of K5 with one copy of (Gk−2, ck−2), two vertices of K5 with two copies of G
′
k−1
and two vertices of K5 with two copies of G
′′
k−1.
G
′′
k−1
G
′′
k−1
G
′
k−1 Gk−2
G
′
k−1
Gk
Fig. 2: An example of the construction for all even k ≥ 4 and even m ≥ 2.
Then |Gk| = |Gk−2| + 2|G
′
k−1| + 2|G
′′
k−1| for all even k ≥ 4 and even m ≥ 2. Thus we
get the following recurrence equation:{
g(k) = g(k − 2) + 2m · 5(k−2)/2, k ≥ 4 is even,
g(2) = R2(K̂m)− 1.
Note that g(k) = g(k − 2) + 2m · 5(k−2)/2 is a nonhomogeneous equation. Since 5 is
not a solution of characteristic equation r2 − 1 = 0 corresponding to the homogeneous
equation g(k) − g(k − 2) = 0, the particular solution of the nonhomogeneous equation
is (2m · 5(k−2)/2) · a. Then
(2m · 5(k−2)/2) · a = (2m · 5(k−4)/2) · a+ 2m · 5(k−2)/2
and thus a = 5/4. Furthermore, the general solution of the homogeneous equation is
g
′
(k) = b1 · (−1)
k + b2 · (1)
k.
So the general solution of nonhomogeneous equation is
g(k) = g
′
(k) + (2m · 5(k−2)/2) · (5/4) = b1 + b2 + (m/2) · 5
k/2
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as k is even. Since g(2) = R2(K̂m)− 1, b1+ b2 = R2(K̂m)− 1− (5m/2). It follows that
g(k) = R2(K̂m) + (m/2) · (5
k/2 − 5)− 1
for all even k ≥ 2 and even m ≥ 2.
Since the complete graphs Gk−1 and Gk−2 have no monochromatic copy of H under
ck−1 : E(Gk−1) −→ [k−1] and ck−2 : E(Gk−2) −→ [k−2] respectively in the corresponding
cases, (Gk, ck) is a desired construction on g(k) vertices for all k ≥ 1 without rainbow
triangle. Therefore, GRk(H) ≥ g(k) + 1 for all k ≥ 1 and H ∈ K̂m ∪F \H10.
For H = H10, we have
g(k − 1) =
{
5(k−1)/2, if k ≥ 5 is odd,
2 · 5(k−2)/2, if k ≥ 4 is even
; g(k − 2) =
{
5(k−2)/2, if k ≥ 6 is even,
2 · 5(k−3)/2, if k ≥ 5 is odd,
where g(k − 2) = 6 if k = 4.Let t = (R2(H)− 1). For H ∈ F \H10, we have
g(k − 1) =
{
t · 5(k−3)/2, if k ≥ 3 is odd,
4 · 5(k−2)/2, if k ≥ 2 is even
; g(k − 2) =
{
t · 5(k−4)/2, if k ≥ 4 is even,
4 · 5(k−3)/2, if k ≥ 3 is odd.
Thus by Theorem 1.9, 2g(k−1) ≥ g(k−1)+g(k−2)+2 ≥ g(k−1)+k+3 ≥ 2g(k−2)+4
if k ≥ 3 for H ∈ F \H10 and k ≥ 4 for H10. Furthermore,
g(k) + 1 >

g(k − 1) + k + 1, if k ≥ 3 and H ∈ F ,
2g(k − 1), if k ≥ 3 for H ∈ F \H10 and k ≥ 4 for H10.
2g(k − 1) + 2, if k ≥ 3 and H ∈ {H5,H6,H11},
5g(k − 2), if k ≥ 3 for H ∈ F \H10 and k ≥ 5 for H10.
(∗)
We next give the general lower bound of GRk((k− s)P3, sK̂4) for k ≥ 1 and s with
0 ≤ s ≤ k. For each integer k ≥ 1 and s with 0 ≤ s ≤ k, let
w(k, s) =

2 · 5s/2, if s is even and s < k,
2 · 5s/2 − 1, if s is even and s = k,
4 · 5(s−1)/2, if s is odd.
For all k ≥ 1 and s with 0 ≤ s ≤ k, we now construct the Gallai k-colored complete
graph Gsk on w(k, s) vertices recursively which contains neither monochromatic copy of
K̂4 in color i ∈ [s] nor P3 in color j ∈ [k] \ [s].
Assume that s = 0. By Theorem 1.8, let G0k be the Gallai k-colored complete graph
on w(k, 0) = GRk(P3)−1 = 2 vertices containing no P3 in color j ∈ [k]. Assume s = k.
By Theorem 1.9, we see that 2(R2(K̂4) − 1) < 5(|K̂4| − 1). Thus G
k
k can be obtained
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by Case 2 when s is odd and by Case 3 when s is even.
Now it remains to consider the cases 1 ≤ s < k. By Theorem 1.8, let G
′
be a
Gallai (k − s)-colored complete graph on 2 vertices with colors in [k] \ [s] containing
no monochromatic copy of P3. Then we construct G
′′
by joining two copies of G
′
such
that all the edges between two copies are colored with color 1. Clearly, G
′′
is a Gallai
(k− s+1)-colored complete graph on 4 vertices which contains neither monochromatic
copy of K̂4 in color 1 nor P3 in color [k] \ [s]. For s = 1, let G
1
k = G
′′
. For all s ≥ 2,
let Gs−2k−2 be the construction on w(k − 2, s − 2) vertices with colors in [k] \ {s − 1, s}
such that Gs−2k−2 = G
′
if s = 2. Let K25 (a complete graph of order five) be colored
with colors s − 1 and s without monochromatic triangle. Let Gsk be the construction
obtained from the copies of Gs−2k−2 by the same method as in Case 1 under K
2
5 . Since
Gs−2k−2 is a Gallai (k− 2)-colored complete graph which contains neither monochromatic
copy of K̂4 in color i ∈ [s− 2] nor P3 in color j ∈ [k] \ [s], G
s
k is a desired construction
on |Gsk| = 4 · 5
(s−1)/2 vertices for odd s ≥ 1 and |Gsk| = 2 · 5
s/2 vertices for even s ≥ 2
without rainbow triangle.
Therefore, GRk((k − s)P3, sK̂4) ≥ w(k, s) + 1 for all k ≥ 1 and s with 0 ≤ s ≤ k.
For k ≥ 3 and s with 1 ≤ s ≤ k, we have
w(k, s − 1) =
{
4 · 5(s−2)/2, if s is even,
2 · 5(s−1)/2, if s is odd,
and
w(k − 1, s− 1) =

4 · 5(s−2)/2, if s is even,
2 · 5(s−1)/2 − 1, if s is odd and s = k,
2 · 5(s−1)/2, if s is odd and s < k.
Thus w(k, s − 1) ≥ w(k − 1, s − 1) ≥ s+ 1. For k ≥ 3 and s with 2 ≤ s ≤ k, we have
w(k − 1, s− 2) = w(k, s − 2) =
{
2 · 5(s−2)/2, if s is even,
4 · 5(s−3)/2, if s is odd,
and
w(k − 2, s− 2) =

2 · 5(s−2)/2, if s is even and s < k,
2 · 5(s−2)/2 − 1, if s is even and s = k,
4 · 5(s−3)/2, if s is odd.
Thus w(k, s − 2) = w(k − 1, s − 2) ≥ w(k − 2, s − 2) ≥ 2. Furthermore,
w(k, s) + 1 >
{
2w(k, s − 1), if k ≥ 3 and 1 ≤ s ≤ k,
4w(k − 1, s − 2) + w(k − 2, s − 2), if k ≥ 3 and 2 ≤ s ≤ k.
(⋆)
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3 Proof of main results
By constructions in Section 2, it suffices to show that GRk(H) ≤ g(k)+ 1 with H ∈ F
and GRk((k−s)P3, sK̂4, ) ≤ w(k, s)+1 for k ≥ 1 and s with 0 ≤ s ≤ k. We proceed the
proof by induction on k for GRk(H) with H ∈ F and k + s for GRk((k − s)P3, sK̂4).
The case for k = 1 is trivial. By Theorems 1.9 and 1.10, GR2(H) = R2(H) = g(2) + 1,
GR2(K̂4) = R2(K̂4) = w(2, 2)+1 and GR2(P3, K̂4) = R(P3, K̂4) = w(2, 1)+1. The case
for s = 0 is Theorem 1.8. Therefore, we may assume that k ≥ 3 and s with 1 ≤ s ≤ k.
Suppose GRk(H) with H ∈ F holds for all k
′
< k and GRk((k − s)P3, sK̂4) holds for
all k
′
+ s
′
< k + s. Let G = Kg(k)+1 for GRk(H) with H ∈ F and G = Kw(k,s)+1 for
GRk((k− s)P3, sK̂4). Let c : E(G) −→ [k] be any Gallai k-coloring of G. Suppose (G, c)
contains no monochromatic copy of H for GRk(H) with H ∈ F and (G, c) contains
neither monochromatic copy of K̂4 in color i ∈ [s] nor P3 in color j ∈ [k] \ [s] for
GRk((k − s)P3, sK̂4). Choose (G, c) with k minimum.
Let A ⊆ V (G) and let p, q ∈ [k] be two distinct colors. By induction for GRk(H)
with H ∈ F , if (G[A], c) contains no edge in color p (res. p and q), then |A| ≤ g(k−1)
(res. |A| ≤ g(k−2)). Suppose p, q ∈ [s] if s ≥ 2. By induction for GRk((k−s)P3, sK̂4),
if (G[A], c) contains no edge in color p (res. p and q), then |A| ≤ w(k − 1, s − 1) (res.
|A| ≤ w(k − 2, s − 2)). Moreover, if (G[A], c) contains edges in color p (res. p and q)
but does not contain P3 in color p (res. p and q), then |A| ≤ w(k, s − 1) as (G[A], c)
contains neither monochromatic copy of K̂4 in color i ∈ [s] \ {p} nor P3 in color
j ∈ ([k] \ [s])∪ {p} (res. |A| ≤ w(k, s− 2) as (G[A], c) contains neither monochromatic
copy of K̂4 in color i ∈ [s]\{p, q} nor P3 in color j ∈ ([k]\ [s])∪{p, q}). Furthermore, if
(G[A], c) contains edges in color p but does not contain P3 in color p and edge in color
q, then |A| ≤ w(k− 1, s− 2). We will use these observations quite often in later proofs.
Let u1, u2, . . . , ut ∈ V (G) be a maximum sequence of vertices chosen as follows: for
each j ∈ [t], all edges between uj and V (G)\{u1, u2, . . . , uj} are colored the same color
under c. Let U = {u1, u2, . . . , ut}. Notice that U is possibly empty. For each uj ∈ U ,
let c(uj) be the unique color on the edges between uj and V (G) \ {u1, u2, . . . , uj}.
Claim 1. c(ui) 6= c(uj) for all i, j ∈ [t] with i 6= j.
Proof. Suppose that c(ui) = c(uj) for some i, j ∈ [t] with i 6= j. We may assume that
uj is the first vertex in the sequence u1, . . . , ut such that c(uj) = c(ui) for some i ∈ [t]
with i < j. We may further assume that the color c(ui) is red. Thus the edge uiuj is
colored with red under c. Let W = V (G)\{u1, u2, . . . , uj}. Then all the edges between
{ui, uj} and W are colored with red under c. We first consider the proof for GRk(H)
with H ∈ F . By the pigeonhole principle, j ≤ k + 1. Note that (G[W ], c) contains
no red edge, otherwise we obtain a red H ∈ F . By induction, |W | ≤ g(k − 1). By
(∗), |G| ≤ g(k − 1) + k + 1 < g(k) + 1, which is a contradiction. We next consider
the proof for GRk((k − s)P3, sK̂4). Note that the color on the edges between uj and
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V (G)\{u1, u2, . . . , uj} belongs to [s], otherwise we obtain a monochromatic copy of P3
with color in [k]\[s] as |G| ≥ w(k, 1)+1 = 5 for k ≥ 3 and s with 1 ≤ s ≤ k. Clearly, red
belongs to [s]. By the pigeonhole principle, j ≤ s+1. By induction, |W | ≤ w(k−1, s−1)
as (G[W ], c) contains no red edge. Recall that w(k, s− 1) ≥ w(k− 1, s− 1) ≥ s+1. By
(⋆), |G| ≤ w(k − 1, s− 1) + s+ 1 ≤ 2w(k, s− 1) < w(k, s) + 1, which is impossible. 
By Claim 1, |U | ≤ k for GRk(H) with H ∈ F and |U | ≤ s for GRk((k−s)P3, sK̂4).
Consider a Gallai-partition of G\U with parts V1, V2, . . . , Vℓ such that ℓ ≥ 2 is as small
as possible. Assume that |V1| ≥ |V2| ≥ . . . ≥ |Vℓ|. Let G be the reduced graph of G \U
with vertices v1, . . . , vℓ. By Theorem 1.1, we may further assume that the edges of G
are colored with red or blue. It is obvious that any monochromatic copy of H in G
would yield a monochromatic copy of H in G \ U for GRk(H) with H ∈ F and any
monochromatic copy of K̂4 or P3 in G would yield a monochromatic copy of K̂4 or P3
in G \ U for GRk((k − s)P3, sK̂4). Let
Vr = {Vi | Vi is red-adjacent to V1 under c, i ∈ {2, . . . , ℓ}} and
Vb = {Vi | Vi is blue-adjacent to V1 under c, i ∈ {2, . . . , ℓ}}.
Let R =
⋃
Vi∈Vr
Vi and B =
⋃
Vi∈Vb
Vi. Then |G| = |V1|+ |R|+ |B|+ |U |. Without loss
of generality, we may assume that |B| ≤ |R|. Obviously, |R| ≥ 2, otherwise the vertex
in R or B can be added to U , contrary to the maximality of t in U . As (G[V1 ∪ R], c)
contains a red P3, red belongs to [s] for GRk((k− s)P3, sK̂4). It is worth noting that if
|V1| ≥ 2, then (G[V1 ∪R], c) contains a red C4 and thus no vertex in U is red-adjacent
to V (G) \ U under c. It follows that (G[U ], c) contains no red edge. Furthermore,
if (G[V1], c) doesn’t contain red edge or red P3, and neither does (G[V1 ∪ U ], c) or
(G[V1 ∪B ∪ U ], c) when |B| ≤ 1.
Claim 2. B 6= ∅ for GRk((k − s)P3, sK̂4) and thus 2 ≤ s ≤ k and blue belongs to [s].
Proof. Suppose B = ∅. Assume ℓ ≥ 3. Since R is red-adjacent to V1 under c, we
can actually find a Gallai-partition with only two parts, contrary to the fact that ℓ
is as small as possible. Thus ℓ = 2. Since |V2| = |R| ≥ 2, |V1| ≥ 2. Thus no
vertex in U is red-adjacent to V (G) \ U under c and so |U | ≤ s − 1. Clearly, there
is no red P3 within either G[V1] or G[R] under c. Note that |V1| ≥ 3, otherwise
|G| = |V1|+ |R|+ |U | ≤ 4+s−1 < w(k, s)+1. If there exist red edges within (G[V1], c),
then (G[R], c) doesn’t contain red edge, and neither does (G[R ∪ U ], c). By induction,
|V1| ≤ w(k, s−1) and |R∪U | ≤ w(k−1, s−1). Recall that w(k−1, s−1) ≤ w(k, s−1).
By (⋆), |G| = |V1|+ |R∪U | ≤ w(k, s− 1)+w(k− 1, s− 1) ≤ 2w(k, s− 1) < w(k, s)+ 1,
which is impossible. So there is no red edge within (G[V1], c). By induction, |V1 ∪U | ≤
w(k−1, s−1). By (⋆), |G| = |V1∪U |+|V2| ≤ 2w(k−1, s−1) ≤ 2w(k, s−1) < w(k, s)+1,
contrary to the fact that |G| = w(k, s) + 1. Thus B 6= ∅. Suppose s = 1 for k ≥ 3.
Then red is the only color in [s]. Note that |V1| = 1, otherwise there is a blue P3
within (G[V1 ∪ B], c). Then (G, c) only contains red and blue edges, contrary to our
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assumption that k ≥ 3. Thus 2 ≤ s ≤ k. Suppose blue is in [k] \ [s]. By Theorem 1.10,
R(P3, K̂4) = 5 and so ℓ ≤ 4. Thus |V1| ≥ 2 as |G \U | ≥ w(k, 2)− 1 ≥ 8. But there will
be a blue P3 in (G[V1 ∪B], c), which is a contradiction. 
Claim 3. Let C,D be two disjoint sets of V (G) such that |C| ≥ 3, |D| = 2 and C is red
or blue-adjacent to D under c. For GRk(H) with H ∈ F , there is no red or blue edge
within (G[C], c) if H ∈ F \H6 (|C| ≥ 4 for H = H2) or (G[D], c) if H ∈ {H2,H6}.
Proof. Suppose not. Then there will be a red or blue H ∈ F in (G[C ∪D], c), contrary
to our assumption that (G, c) contains no monochromactic copy of H ∈ F . 
Claim 4. |V1| ≥ 3 for GRk(H) with H ∈ F and |V1| ≥ 2 for GRk((k − s)P3, sK̂4).
Proof. We first consider the proof for GRk(H) with H ∈ F . By Theorem 1.9, ℓ ≤ 6
if H = H10 and ℓ ≤ 9 if H ∈ F \ H10. Then |V1| ≥ 2 as |G \ U | ≥ f(3) − 2 = 8 if
H = H10 and |G \U | ≥ g(3)− 2 = 18 if H ∈ F \H10. Since |R| ≥ 2, no vertex in U is
red-adjacent to V (G) \ U under τ and so |U | ≤ k − 1. Thus |V1| ≥ 3 if H ∈ F \H10
as |G \ U | ≥ g(3) − 1 = 19. Note that if H = H10 and k ≥ 4, then |V1| ≥ 3 as
|G \ U | ≥ g(4) − 2 = 23. So we next assume that H = H10 and k = 3. Suppose
|V1| = 2. Then |R| ≥ 3 as |G \ U | ≥ 8 and |R| ≥ |B|. By Claim 3, (G[R], c) doesn’t
contain red edge and neither does (G[R ∪ U ], c). By induction, |R ∪ U | ≤ g(2) = 6.
It follows that |B| ≥ 3 as |G| = g(3) + 1 = 11. Thus no vertex in U is blue-adjacent
to V (G) \ U under c and so |U | ≤ 1. By Claim 3 again, (G[B], c) contains no blue
edge. Now, we see that the color on the edges between any pairs of {V2, . . . , Vℓ} in
(G[R], c) and (G[B], c) is blue and red, respectively. Note that there is no blue K3 in
(G[R], c) as (G[V1 ∪ B], c) contains blue edges. Then there are at most two parts of
{V2, . . . , Vℓ} in (G[R], c), which means that |B| ≤ |R| ≤ 4. Thus |U | = 1 as |G| = 11.
Since |V1| = 2, (G[V1], c) only contains one color. Such color is different from red and
blue, otherwise there is a red K3 in (G[V1 ∪R], c) or a blue K3 in (G[V1 ∪B], c), which
together with a red edge in (G[B], c) or a blue edge in (G[R], c) yields a monochromatic
copy of H10. Let green denote such color. Then (G[V1 ∪ U ], c) contains a green K3,
which forbids green edge in (G[R ∪ B], c). By induction, |R ∪ B| ≤ g(2) = 6. Then
|G| = |V1 ∪ U |+ |R ∪B| ≤ 9 < g(3) + 1, contrary to the fact that |G| = g(k) + 1.
We next consider the proof for GRk((k − s)P3, sK̂4). By Claim 2, we only need to
assume that 3 ≤ s ≤ k for k ≥ 3 as one color other than red and blue must occur in
(G \U, c) when s = 2, which forces |V1| ≥ 2. By Theorem 1.9, R2(K̂4) = 10. By Claim
2, ℓ ≤ 9 and so |V1| ≥ 2 as |G \ U | ≥ w(k, 3) − 2 ≥ 18 for k ≥ 3 and 3 ≤ s ≤ k. 
For the convenience of proofs, we now show that the desired result holds forH = H10
and k = 3. By Claims 3 and 4, (G[V1], c) contains no red edge. Suppose |B| ≤ 1. Then
there is no red edge in (G[V1 ∪ B ∪ U ], c). By induction, |V1 ∪ B ∪ U | ≤ g(2) = 6
and so |R| ≥ 3 as |G| = 11. By Claims 3 and 4, there is no red edge in (G[R], c). By
induction, |R| ≤ g(2) = 6. Since R2(K3) = 6, |V1 ∪ B ∪ U | ≤ 5 and |R| ≤ 5. Then
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|G| = |V1 ∪ B ∪ U | + |R| ≤ 10 < g(3) + 1, which is impossible. Suppose |B| ≥ 2. By
Claims 3 and 4, there is no blue edge in (G[V1], c) and so (G[V1∪U ], c) contains only one
color which is different from red and blue, say green. It follows that 3 ≤ |V1 ∪ U | ≤ 4
and so (G[V1 ∪ U ], c) contains a green K3, which forbids green edge in (G[R ∪ B], c).
By induction, |R ∪ B| ≤ g(2) = 6. Then |G| = |V1 ∪ U | + |R ∪ B| ≤ 10 < g(3) + 1,
which is a contradiction. Thus we may assume that k ≥ 4 if H = H10 in later proofs.
Claim 5. |B| ≥ 3 for GRk(H) with H ∈ F and |B| ≥ 2 for GRk((k − s)P3, sK̂4).
Proof. We first suppose |B| ≤ 1 for both cases. Recall that |R| ≥ 2. By Claim 4,
there is no red P3 within either (G[R], c) or (G[V1 ∪B∪U ], c) for GRk((k− s)P3, sK̂4).
By induction, |R| ≤ w(k, s − 1) and |V1 ∪ B ∪ U | ≤ w(k, s − 1). By (⋆), |G| =
|V1 ∪ B ∪ U | + |R| ≤ 2w(k, s − 1) < w(k, s) + 1, which is a contradiction. We next
consider the case for GRk(H) withH ∈ F . Assume that |R| = 2. LetH ∈ F\H6. Note
that |V1| ≥ 4 as |G| ≥ 21. By Claims 3, there is no red edge within (G[V1 ∪B ∪ U ], c),
By induction, |V1∪B∪U | ≤ g(k−1). By (∗), |G| = |V1∪B∪U |+ |R| ≤ g(k−1)+2 ≤
g(k − 1) + k + 1 < g(k) + 1, which is impossible. Let H = H6. Clearly, there is no red
P3 in (G[V1∪B∪U ], c). Then all the red edges in (G[V1∪B∪U ], c) induce a matching,
say M . Let X1,X2 be two disjoint sets of V1 ∪B ∪U such that X1 ∪X2 = V1 ∪B ∪ U
and M is part of the edges between X1 and X2 under c. Then there is no red edge
within either (G[X1], c) or (G[X2], c). By induction, |V1 ∪B ∪ U | ≤ 2g(k − 1). By (∗),
|G| = |V1 ∪B ∪ U |+ |R| ≤ 2g(k − 1) + 2 < g(k) + 1, which is a contradiction. Assume
that |R| ≥ 3. By Claims 3 and 4, there is no red edge within either (G[V1 ∪B ∪ U ], c)
or (G[R], c). By induction, |V1 ∪ B ∪ U | ≤ g(k − 1) and |R| ≤ g(k − 1). By (∗),
|G| = |V1∪B∪U |+ |R| ≤ 2g(k−1) < g(k)+1, contrary to the fact that |G| = g(k)+1.
We next suppose |B| = 2 for GRk(H) with H ∈ F . Then no vertex in U is red or
blue-adjacent to V (G)\U under c and so |U | ≤ k−2. Recall that 2g(k−1) ≥ g(k−1)+
g(k−2)+2 ≥ g(k−1)+k+3 ≥ 2g(k−2)+4. Assume that |R| = 2. Let H ∈ F \H6. By
Claims 3 and 4, there is neither red nor blue edge within (G[V1 ∪U ], c). By induction,
|V1∪U | ≤ g(k−2). By (∗), |G| = |V1∪U |+|R|+|B| ≤ g(k−2)+4 ≤ 2g(k−1) < g(k)+1,
which is a contradiction. Let H = H6. Obviously, there is neither red P3 nor blue P3
within (G[V1 ∪U ], c), Similar to the arguments for |B| ≤ 1, Since (G, c) has no rainbow
triangle, all the red and blue edges in (G[V1 ∪ U ], c) induce a matching. Then there is
neither red nor blue edge within either (G[X1], c) or (G[X2], c). By induction, |V1∪U | ≤
2g(k−2). By (∗), |G| = |V1∪U |+ |R|+ |B| ≤ 2g(k−2)+4 ≤ 2g(k−1) < g(k)+1, which
is impossible. Assume that |R| ≥ 3. By Claims 3 and 4, there is no red edge within
either (G[R], c) or (G[V1 ∪U ], c). By induction, |R| ≤ g(k− 1) and |V1 ∪U | ≤ g(k− 1).
Let H ∈ {H5,H6,H11}. By (∗), |G| = |V1 ∪ U |+ |R|+ |B| ≤ 2g(k − 1) + 2 < g(k) + 1,
which is a contradiction. Let H ∈ F \ {H5,H6,H11}. Note that |V1| ≥ 4, otherwise
|G| = |V1| + |R| + |B| + |U | ≤ g(k − 1) + k + 3 ≤ 2g(k − 1) < g(k) + 1. By Claims 3,
there is no blue edge within (G[V1 ∪ U ], c). By induction, |V1 ∪ U | ≤ g(k − 2). By (∗),
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|G| = |V1 ∪U |+ |R|+ |B| ≤ g(k− 2)+ g(k− 1)+2 ≤ 2g(k− 1) < g(k)+1, which yields
a contradiction. 
By Claims 3-5, there is no red edge (res. P3) within (G[R], c) and no blue edge
(res. P3) within (G[B], c) for GRk(H) with H ∈ F (res. GRk((k − s)P3, sK̂4)).
Define Y1 = {Vi : |Vi| = 1, i ∈ {2, . . . , ℓ}} and Y2 = {Vi : |Vi| ≥ 2, i ∈ {2, . . . , ℓ}}. Then
|Y1 ∪ Y2| = |R ∪ B|. Let |R ∩ Yt| and |B ∩ Yt| be the number of the common parts in
{V2, . . . , V5}, where t = 1, 2. We see that |R∩Y2| ≤ 2 and |B∩Y2| ≤ 2, otherwise there
is a blue H ∈ F ∪ K̂4 in (G[R], c) or a red H ∈ F ∪ K̂4 in (G[B], c). Thus we have the
following three facts:
1. If |R ∩ Y2| = 2 or |B ∩ Y2| = 2, then |R ∩ Y1| = 0 or |B ∩ Y1| = 0.
2. If |R ∩ Y2| = 1 or |B ∩ Y2| = 1, then |R ∩ Y1| ≤ 2 or |B ∩ Y1| ≤ 2.
3. If |R ∩ Y2| = 0 or |B ∩ Y2| = 0, then |R| ≤ 4 or |B| ≤ 4.
Proof. We only consider the proof for R. The proof for B is similar. Suppose |R∩Y1| ≥
1 for fact 1. Then Y1 is blue-adjacent to Y2 and so there is a blue H ∈ F ∪ K̂4 in
(G[R], c), which is impossible. Suppose |R ∩ Y1| ≥ 3 for fact 2. Let Vi, Vj , Vk ∈ Y1 and
let Vs ∈ Y2. Then Vi, Vj and Vk are blue-adjacent to Vs and there is at most one red edge
in (G[Vi∪Vj∪Vk], c). Thus there is a blue H ∈ F ∪K̂4 in (G[Vs∪Vi∪Vj∪Vk], c), which
is impossible. Suppose |R| ≥ 5 for fact 3. Then (G[R], c) must contain red and blue
edges, contrary to the fact that there is no red edge within (G[R], c) for GRk(H) with
H ∈ F . For GRk((k−s)P3, sK̂4), since (G[R], c) contains no red P3 and R(P3, K̂4) = 5,
there is a blue K̂4 in (G[R], c), which is a contradiction. 
By facts 1-3, it is easily seen that |R| ≤ 2|V1| as 4 ≤ |V1| + 2 ≤ 2|V1|. Then
|B| ≤ |R| ≤ 2|V1|. By Claims 4 and 5, no vertex in U is red or blue-adjacent to
V (G) \ U under c and thus (G[U ], c) contains neither red nor blue edge.
We first consider the proof for GRk(H) with H ∈ F . By Claims 3-5, (G[V1 ∪U ], c)
contains neither red nor blue edge. By induction, |V1 ∪ U | ≤ g(k − 2). Assume that
k ≥ 5 if H = H10 and k ≥ 3 if H ∈ F \H10. As |R| ≤ 2|V1|, |R| + |B| ≤ 4g(k − 2).
By (∗), |G| = |V1 ∪ U | + |R| + |B| ≤ 5g(k − 2) < g(k) + 1, which is a contradiction.
Assume that H = H10 and k = 4. Then |V1∪U | ≤ 5, otherwise (G[V1∪U ], c) contains a
monochromatic K3, say green, as R2(K3) = 6, which forbids green edge in (G[R∪B], c).
By induction, |R∪B| ≤ g(3) = 10. Then |G| = |V1∪U |+ |R∪B| ≤ 16 < g(4)+1, which
is impossible. Now, |G| = |V1 ∪ U | + |R| + |B| ≤ 25 < g(4) + 1, contrary to the fact
that |G| = g(k)+1. We next turn to the proof for GRk((k− s)P3, sK̂4). We know that
|R| ≥ 2. By Claim 5, (G[V1 ∪U ], c) contains neither red P3 nor blue P3. By induction,
|V1 ∪ U | ≤ w(k, s− 2). Recall that w(k, s− 2) = w(k − 1, s− 2) ≥ w(k − 2, s− 2) ≥ 2.
Note that |R ∩ Y2| ≤ 2 and |B ∩ Y2| ≤ 2. Suppose |R ∩ Y2| ≤ 1. By facts 2 and
3, |B| ≤ |R| ≤ |V1| + 2. By (⋆), |G| = |V1 ∪ U | + |R| + |B| ≤ 3w(k, s − 2) + 4 ≤
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4w(k− 1, s− 2) +w(k− 2, s− 2) < w(k, s) + 1, which is impossible. Thus |R∩Y2| = 2.
By facts 2 and 3 again, |B| ≤ |V1|+2 if |B∩Y2| ≤ 1. By (⋆), |G| = |V1∪U |+ |R|+ |B| ≤
4w(k, s−2)+2 ≤ 4w(k−1, s−2)+w(k−2, s−2) < w(k, s)+1, which is a contradiction.
Thus |B ∩ Y2| = 2. By fact 1, |R ∩ Y1| = 0 and |B ∩ Y1| = 0. Then ℓ = 5. Since
R2(K̂4) = 10, there is no K10 in G\U whose edges are colored with red and blue under
c, which implies that at least one part of {V1, . . . , V5} contains neither red nor blue
edge. Note that |V1 ∪ U | ≤ w(k, s − 2) = w(k − 1, s − 2) and |V1| ≥ |V2| ≥ . . . ≥ |V5|.
By (⋆), |G| = |V1 ∪ U | + |R| + |B| ≤ 4w(k − 1, s − 2) + w(k − 2, s − 2) < w(k, s) + 1,
contrary to the fact that |G| = w(k, s) + 1.
This completes the proof of Theorems 1.3 and 1.6. 
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